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BY 
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ABSTRACT. - In this note we give an estimate of the density of a certain class of Brownian 
martingales in the plane, and analyze its asymptotic behaviour near the axes. In a second 
part, we give a result of equi-absolute continuity for the occupation measure of the Brownian 
martingale, and deduce the existence and uniqueness of solution for a class of hyperbolic 
stochastic differential equations with additive martingale noise and nondecreasing coefficient. 
0 Elsevier, Paris 
1. Introduction 
Let us consider a Brownian sheet W = {W (z); z E [0, T]“}, and for 
z = (s, t) E [O? T]“, the two-parameter Brownian martingale 
where G is a square integrable process verifying some positivity and 
regularity (in the Malliavin calculus sense) conditions. We will show that 
if z = (s: t) is such that IzJ = st # 0, then N (2) posseses a continuous 
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density {p (z, 1.): 7’ E R} and we shall estimate 1’ (z. V) by 
where c: is a constant, and 4 is a positive number greater than 1. This 
result is based on a general density estimate given by NUALART in [9]. 
In the second part of the paper, we will consider a hyperbolic stochastic 
partial differential equation of the form 
(1.1) 
{ 
@;J;; t, = .f (s. t, ?I, (s. t)) + a2 ia;; t), s, z E [o, T] 
u (s, 0) = ‘7L (0. t) = u. 
where u is a real constant. We will call Eq (.f) such an equation. We 
shall prove that if the function f : [O. 7’1’ x R -+ R is nondecreasing with 
respect to the second variable, measurable and bounded, then the above 
equation has a unique continuous and adapted solution 7~. The notion of 
solution is defined by considering an integral form of (1.1). The argument 
of the proof uses the monotonicity of the coefficient f as in [I], [4], and the 
equi-absolute continuity of the occupation measures of a certain class of 
approximations of 7~. This latter technique has been introduced by GYONGY 
in [3]. Note that the existence and uniqueness result is a generalization of 
the existence and uniqueness theorem proved in [lo], but the change of 
measure approach used in this paper cannot be extended to the martingale 
case, and for this reason we use the equi-absolute continuity method. 
2. An estimate of the density 
2.1. Malliavin calculus preliminaries 
We will denote by x = (s. t) an element of the parameter space [tl. T’12. 
For any n E R, we write -ii = (CL, CA), If ~1 j ~2 E [O. T]“, Z; = (Y, ! t, ), 
Z = 1, 2, we will note ~2 2 ~1 if s2 > sr, and tz 2 tr . For any ~2 2 ~1, 
we set [zr, .~a] = [sr , sz] x [tl. tz]. For a z = (s: t) E [0, 7’]‘, we set 
also ]z] = st. We call A,! the Lebesgue measure in R” for rL 2 1. Let 
W = {W(z); z E [O, T]‘} b e a Brownian sheet on a probability space 
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(62, 3, P), that is, W is a Gaussian continuous process with zero mean, 
and, if ~1 = (sr, tr), ~2 = (~2, t2) are elements of [0, T]“, then 
E [W (~1) W (z2)] = (~1 A s2) (tl A tx). 
For each z E [0, T]” we denote by 3Z the a-field generated by the 
random variables { W (<); C 5 z completed with respect to P. We will } 
say that a stochastic process u = {U (z); z E [0, T]‘} is adapted if u (z) 
is 3:-measurable for all z E [0, T]‘. We will assume that 3 is the 
completion of (I{W (2); z E [0, T]“}. 
We set H = L” ([0, T]“) and for h E H we define 
W(h) = 
.I [O. T] 
h (2) dW (2). 
The space S of smooth random variables if the family of variables F 
such that there exist an integer n and a function f E CrF (IP) such that 
(2.1) F = f (W (h), . ..3 W (h,,)) 
where hi E H, i = 1, . . ., n and (77 (R”) is the set of infinitely 
differentiable functions with bounded derivatives of all orders. For F 
of the form (2.1), we define its derivative as the random field on [0, T]” 
given by 
D, F = c:‘=, g (W(h), . . . W (hJ hi (4. 
I 
By induction, we can also define the N-th iteration of the derivative 
operator D by 
0: -I,.... zp, F = D,, . . . D,, F 
where Z; E [0, T]“, i = 1, . . . . N and F E S. For k E N and p 2 1, Dk.l’ 
will denote the closure of the space S with respect to the seminorm 
where H’ ~‘v is isometric to L2 ([0, Z’]“‘v). If G is a V-valued random 
variable, where V is a separable Hilbert space, we can also define the 
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iterated derivatives of G, and define the corresponding spaces Dk.l’ (V) 
for k E N, y 2 1. 
Let 6 be the adjoint of the derivative operator as an unbounded operator 
on L’ (Q). The domain of h is denoted by Dom 6. The space Ii: of 
Fz-adapted, measurable and square integrable random fields is included 
in Dom 6, and 6 restricted to Lj!, coincides with the It6 integral with 
respect to IV. 
Notice that Dr, 2 (H) c Don1 b. Moreover, if u E D’. 2 (H), 
h (u) E D1~” and the following commutation relationship between D 
and b holds: 
(2.2) . D,,. (6 (71)) = ‘U(X) + I [O.T] 
D,,. ZL (z) dW (2). 
Note that this result is still true if ‘u E Dr.’ (H) n L&. The operator 6 
is continuous from D”+r.J’ (H) to D”.l’ for any k > 1, p > 1. We also 
have, if u E D l.l’(H) for a p > 1, 
(2.3) 116 b)IIP I Cl’ w blllH + IIWLP ((1: ~‘([o.~]i,,l~ 
Let F be a random variable in D1. ‘, and set 
DF 
(DF. DF)H’ 
If IF E Domb, the law of F has a continuous bounded density pr (7.) 
given by (see NUALART [9]) 
(2.4) PF (T) = E[l (F > r) S (I?,)]. 
From these preliminaries, let us deduce a general estimate for the 
density of a random variable. 
LEMMA 2.1. - Let q, or, @ be three real numbers such that q-l + N-’ + 
,l-’ = 1. Let F be a random variable in the space D2,” such that 
E [llDFil&2”] < co. Then the density PF of F is continuous and verifies 
(2.5) PF (~1 5%. j.q (P WI > (#” (E [llDFll~ll 
+ El/” [llD’Fll’;I H] El/,’ [IlDFll;“‘]). 
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PT-uc$ - Let p be a positive numbers such that p-l + 4-r = 1. By 
Holder’s inequality and Equation (2.4), we have, for any T E R, 
(2.6) PF (4 I (P (F > 4P” 116 (WI,‘. 
Since E [S (IF)] = 0, we also have 
Comparing expressions (2.6) and (2.7) for positive and negative values 
of r, we get 
pF (4 L (p (14 > lb-IP iis (wiilj. 
In order to get an P-estimate of S (IF), we can use inequality 
which leads to 
(23, 
Moreover, by the composition rule for the derivative operator, and by 
smoothness of the functon z + 2-l on (0, oo), 
D2 F 
DrF = (DF, DF)H - DFc3 
D (VW WH) 
pF, DF)& 
and thus 
which gives the result applying Holder’s inequality once more. •i 
2.2. Density estimate 
Let us consider a Brownian martingale defined on [0, T12 which has 
the form 
N(z) = 
/ 
G (0 dW ((‘1 
* [O, z] 
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for a process G E Li. The aim of this section is to give an estimate of 
the density p (z, r) of N (2) with z = (s, t) if /z] = st # 0. Let us first 
compute the first and second derivative of the random variable N (2). 
LEMMA 2.2. - Let G = {G(z); 2 E [0, T]“} he a process such that 
G E Lz n D”,2 (If). Then, jar any CC, y, z E [O. T]j 
Using the commutation rule (2.1) and the adaptability of G we obtain 
for z 2 z, 
’ D,. N (2) = G (cc) + 
J 
D,. G (0 dW (CL 
[.I,% 21 
and D,, N (2) = 0 if z E [0, xl”. We get the second result applying 
the commutation rule to D., N (z), and observing that D,,. G (0 is 
Fc -measurable. 0 
The following result yields an estimate of the density of N (2). 
THEOREM 2.3. - Let G = {G(z); z E [0, T]“} be an adapted process 
such that G 1 p > 0, G E D2.1’ for a p > 3 and 
(2.9) I-L g Su~.r.:E[o.~l" E [I& G @)I"] 
+ sup.7.. yCS[O. I”]” E 
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Define 
’ N(z) = 
.I 
G (0 dW (Cl 
[O. :] 
for any z E [0, T]“. Then the law of N (2) has a continuous density 
p(z. r) for all x E (0, T]’ and 
where c = c(p, p, p, T) and q > A. 
Proof: - By Lemma 2.1, we have to choose y, a, j3, and find estimates 
for E [IIDN (.~)11;;~], E [I(DN (.z)llG2”] and E [IID” N (x)II~,~,~]. We will 
take Q = p in the inequality of Lemma 2.1. Using Jensen’s inequality, 
we have 
From the expression (2.8) of D2 N (2) and Burkholder’s inequality, 
we obtain, for any 5, y E [0, z], that there exists a constant ICI such 
that 
E [I~;.,. N WI 5% l[o..r] (Y> E [I4 G M”l 
+ $0. !/I (4 E U’.r G (YYI 
and thus 
E [lP2 iv @,II’;, .,$ 5 h P I+ 
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For z E (0, T]” and :c E [O. z], we shall note CT (2) = (ON(z). 
DN (z))~ and 
A, (:r) = D.,. G CC) dl/t’ (0 
. 
We shall give an estimate of E [((T (.z))-7 ] for a y > 0. With the 
expression of DN (2) obtained in Lemma 2.2, we can write 
Let R,. (2) be a rectangle depending on a positive parameter ‘u such that 
R,> (2) c R (2). Noting that (X + :y)” 5 (~“/a - 2y”), we get 
g(z) 2 / ( ; G* (x) - 2 A: (x) dz - 8, (2) > 
> X2 (R,. (2)) ; - 21,. (2) 
with 
* I,. (z) = 
J 
A; (x) dz. 
R,. (:) 
Let us choose R,. (2) of the form R,, (2) = [(l - hb”) z. z] such that 
[A, (R,, (z))p’]/2 = 221-l, that is 
4 
h,. = - 
,I$ 121. 
Observe that h,. < 1 if w > 4(p’ ]z])-r. We have 
Thus 
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We shall find now an estimate of E [II,, (z)jI’l’]. For ‘II > 4 (p’ j~j)-~, 
by Jensen’s and Burkholder’s inequalities, 
E [II,? (z)I”12] 5 [A, (R,? (z))]“‘2-1 
Consequently, for 0 < y < p/2, there exist constants k2, ks, k4 such that 
Substituting (2.11) in inequality (2.5) with a = p, ,D < p/2, and then 
with y = l/2 and y = p, we get, for constants kr, and c, 
p(z, Y-) I ks (P(JN(z)J > )#“’ ()z)-~‘~ -t- I) 
5 c(P (IN (z)I > Irl))l”’ 121-y 
which is the desired result. Observe that the restriction Q-~ +pP1+,P1 = 1 
and ,L) < p/2 lead to the conditions p > 3 and Q > p (p - 3)-l. 0 
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3. A result on hyperbolic SPDEs 
3.1. Statement of the problem 
Consider the hyperbolic stochastic partial differential equation Eq (.f’) 
defined by Eq. (1.1). We suppose that n E R and f : [O. T]” x R + R 
is a measurable function verifying 
GW v’z E [O. TILT .f( z. r is a nondecreasing function of 7’. ’ ) 
Note that Eq. (1.1) is formal, since the second derivative of N is 
not defined as a function. A precise definition of the solution to Ey (f) 
would be: 
DEFINITION 3.1. - A continuous and adapted process u = {u (a): 
z E [0, T]‘} is said to be a solution of Eq (f) if 
‘U (%) = a + 
.I f cc. 7L (0) di” + N (2). 
5 E [O, T]? 
[O. z] 
In this part, we show a path uniqueness result for Eq (f), using a 
monotonicity method. As in [lo], we shall adapt the general monotonicity 
method of [l] to our case, since the comparison theorem does not hold 
for hyperbolic SPDEs, as shown in [8]. However, the general Krylov type 
argument for the convergence of the approximations u,, of the solution 
11, to Eq (f) used in [lo], fails here, because the change of probability 
argument is not a suitable tool. We shall use an equi-absolute continuity 
property of the occupation measures of u,, , instead of a V-estimate of its 
density, following the ideas of GYONGY in [3]. 
3.2. Preliminaries 
As in [3], we shall first give general definitions and results on occupation 
measures. For cl > 1, let us denote by B (R”) the Bore1 a-algebra on R”. 
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DEFINITION 3.2. - Let M be a set of measures on i3 (R’). We say that M 
is equi-absolutely continuous with respect to a given measure v on 23 (R”) 
$for every E > 0 there exists a 6 > 0 such that p (A) < E for all 11 E M 
and for all A E B (R”) satisfying v (A) < 6. 
DEFINITION 3.3. - Let D be a domain in R” and let X = {X (z); z E D} 
be a measurable random field taking values in R”‘. The measure dejined 
on f? (R”‘) by 
PA- (4 = E [.I 1.4 (X (4) dz 1 : A E t? (R”‘) D 
is called the occupation measure of X. 
We next state a lemma whose proof is given by GY~NGY in [3]. Let 
X,, = {X,, (z); z E D: R 2 l} be a sequence of R”‘-valued random 
tields on a bounded domain D c R” and let { .f,, ; 7,) 2 l} be a sequence 
of uniformly bounded functions f,, : R’” + R such that the following 
conditions are satisfied 
(a) X,, (z) converges in probability to a random variable X (2) for 
every z E D. 
(b) The occupation measures h<y,, of X,, form an equi-absolutely 
continuous set of measures with respect to A,,,. 
(c) The functions f,, converge to f in the measure A,,, on the compacts, 
i.e. for every E > 0 and R > 0, 
lim ,,-+x A,,, ({ix E R”‘; (~1 < R, If” (x) - f (x)1 L ~1) = 0. 
We then have the following result. 
LEMMA 3.4. - Suppose that X,,, X, f,, and f verify (a)-(c). Then for 
every p > 1 
lim E IlilxI [I D If,’ (Xr (4) - f(X (4)I” dz1 = 0. 
In order to apply this result to our equation, we first have to 
give an absolute continuity result for a Brownian martingale, in a 
slightly more general context than the case of a Brownian filtration. 
On a complete probability space (a, .F> P) we consider a filtration 
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{“-: z = (s. t) E [0: T]‘}, w tc verifies the usual conditions introduced h’ h 
by CAIROLI and WALSH in [2]: 
(a) 3C0,Cl) contains the negligible sets of 3, 
(b) 3= is right continuous, 
(cl F(.,.T) and Fp.t~ are conditionally independent with respect to 
F(“. t, for any (s, t) E [O. T]‘. 
We will say that a process X = {X (z): z E [O. T];‘} integrable and 
-‘--adapted is a strong martingale if for any zr = (“1, tl) 5 22 = (~2: tj), 
we have 
From Levy’s characterization theorem in the plane, an 3,-Brownian 
sheet will be a continuous strong martingale I@ vanishing on the axes such 
that l@” (s, t) - st is a martingale. 
LEMMA 3.5. - Let Q be a Tz-adapted square integrable process such 
that 0 < p 5 I&j < A4 < 30, and set R (2) = ho. :I Q (c) dT/S/ (C) for 
z = (s, t) E [O. q2 where I@ is a -‘--Brownian sheet. For any a E R, 
set also X (2) = ( z. a + R (2)). Then pay is absolutely continuous with 
respect to X3. 
ProoJ: - It is easy to see that the constant a has no influence on the 
result, and hence we can suppose a = 0. From an inequality by KRYLOV [6], 
if u is an 3t-adapted process such that 0 < r 5 (T 5 M < 35, where B 
is an 3f-Brownian motion on (0. 3. P) and if we set 
.t 
(3.1) Y(t) = J CT (z) dB (x) 0 
for t E [0, T], then there exists a constant L = L (A&) such that for any 
f E L’ ([O, T] x R), 
(3.2) 
*f 
E [J f (Y, y (YY)) dY I Lr-l Ilflla. 0 1 
Fix s > 0, set V, (t) = R (s, t) for t E [0, T] and denote by Gt the 
filtration {& = Fs.+; t E [0, T]}. We shall prove that I/, is of the form 
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(3.1). First, V, is a &-martingale and 
(I& V,)t = ‘$ J’s t Q” (x, y) dx dy. 0 0 
Set H,: (9) = J;’ Q” (x:, y) dx. We have II,, (y) 2 .sl/’ p and we can 
define 
P.s (t) = /-’ H,? h/Y) dK (Y). 
0 
By Levy’s characterization theorem, ,l& is a &-Brownian motion and 
(3.3) H,, (y) 42s (Y). 
Hence, for any s > 0, 
E f (Y, K h/y)) & 1 5 W1 d2 IL% 
Let g E L” ([0, T]’ x R). From Holder’s inequality, there exists a 
constant c such that for any s, t E [0, T], 
s 
E g (x> YY, R (x:, Y>> dx dy 1 
5 L~-I iT x-l12 (JOT .I, 92 (x, y, r)dyd7j1” dx 
<(IT IT SRx-1f2y2(x,y,T)dxdydr)1’2~ 
which ends the proof, since the measure x Al/2 dx dy dr is equivalent to 
X3 on I3([0, T]” x R). 0 
Observe that Lemma 3.5 implies the existence of a density for the law of 
N (2) almost everywhere in [0, T12, without any regularity condition on G: 
PROPOSITION 3.6. - Let G E Lz such that 0 < p 5 IGI < M < co. Then 
the law of N (2) is absolutely continuous for almost every z E [0, T]“. 
Proofi - By Eq. (3.3), it is enough to show the result for a process 
Y of the form (3.1). For this kind of process, inequality (3.2) implies 
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that for every rl > 1, there exists a constant 0 < k:,, 2 L ~-l ,a*/’ and a 
set AI,, E D ([O, T]) such that for any t # AI,, and any ,f E C ([0, T]), 
E [].f (Y (t))]] 5 k,, ]]f]]z and X1 (M,,) 5 l/r/,. Indeed, if there exists 
71 2 1, .f E c ([(I. T]) such that there exists a k > 1; 7-t <II*/” 
and M(f, k:) E B([O. T]) with X1 (M (f. A:)) > l/9), and for any 
t E M(.f. k), E [If (Y (t))l] > X: Il.fll2. then 
E 
[i 
Io, Tl hI( f.k) (t) I.f (Y (wt 
I 2 A” x1 CM Cf. @I Ilfll~ 
2 h-1’2 l/9(12 L7--* 119112 
with 9 0% 4 = h(.f.X) W .f (4 which is in contradiction with (3.2). 
Hence, if we set 
M = n,, M,, . 
X1 (M) = 0 and for any t @ M, there exists a IL > 1 such that for any 
f E C ([0, T]), E [If (Y (t))l] 5 k,, ]]f]]z. By monotone class theorem, 
for any t $Z M, the law of Y (t) has a density. 0 
Let us denote by S-11 the set of all continuous processes VJ on [0, 5!‘li 
of the form 
(3.4) 
where b is an F=-adapted process (here Fz is the filtration generated by 
W) bounded by a fixed constant M, and a E R. Let also be 3.~1 the set 
of continuous processes on [0, T]” such that almost surely 
lim ))1% g,, (z) = 7J (z) nz - n.r. 
for a sequence (g,,)nE~ of processes of SJI. We will need the following 
lemma on stochastic integral convergence for processes of ??I~[. 
LEMMA 3.7. - Let {u,~; r~ 2 l} be a ,family or processes of Sxl, u a 
process ofS1,~ and {fil (x, r.), f (z, T); n > 1, z E [0, T]“, T E R} a 
family of functions verifiing: 
(i) uI, (z) converges to u(z) in probabil@ for every z E [0, T]’ 
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(ii) f,) ’ b d d y 1 zs oun e um arm y in r~ by a fixed constant M and it converges 
to f in the Lebesgue measure on the compacts of [O, T]” x R. 
Then for every p 2 1, 
lim E ,l-+W 2, u,, (z)) - f (z, 7L (z))f’dz 1 = 0. 
Proof. - Conditions (a) and (c) of Lemma 3.4 are verified for 
El, (2) = (z, u,, (2)) and ((2) = (z, U(Z)), and we only have to check 
condition (b). Suppose that for any z E [O? T]” 
where b,, is an 3=-adapted process bounded by M. Set, for n > 1, 
plc = exp - 
[ .I. 
[” T12 G (4-l bn C-4 dW (4 
1 * -- 
.I 2 [O. T]” 
IG (2)-l b,, (z)I” dz 1 
dk, = p,) dP. 
By boundedness of b,, and G, P,~ has moments of any order and for 
any a E R, E [P::] I co where ccr is a constant independent of n. From 
Girsanov theorem in the plane (see [5]), p,, is a probability measure such 
that 3z verifies the usual Cairoli-Walsh conditions, and under p,,, u,, has 
the law of a process a + R under P where R has the form 
’ R(z) = 
J 
[” 
with Q square integrable 3,?-adapted process such that 0 < p < I&I 5 
M < 0~) and l@ a 3z-Brownian sheet. Note that Q is not equal to G, 
since we have changed the driving Brownian sheet. Let us denote by I?,, 
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the mathematical expectation with respect to p,, and by X the process 
(2: n, + R (2)). If A E Z? (R”), by Schwartz’s and Jensen’s inequalities 
and we get the result by Lemma 3.5. 0 
The following lemma provides an increasing approximation of a function 
f verifying (HI) and (H2). 
LEMMA 3.8. - Let f : [0, T]’ x R t R be a measurable function 
verifying (HI) and (H2). There exists a family qf measurable ,functions 
{f,! (2. 7.): 11, > 1, z E [0, T]‘, r E R} such that 
l lirn,,,, f,? (z, 7‘) = f (z. r) dz cZ2 dr a.e. 
l 7' H f,) (2, 1.) is nondecreasing, for all u. > 1, z E [O. T]” 
l 71 H f,) (2, ,r) is nondecreasing, for all x E [O, T]‘, 1’ E R 
l I f , ,  (2, T.L) -  f , ,  (2, 1x)1 I  L,, 172 - rll .for all n 2 1, z E [O, T]’ 
l f,, (2, .) is Lipschitz uniformly in z: VEX > 1, with constant L,, 
’ sllp,,>l SUP:@ T’lz Sllpr~R I, p (z. 7.) < Al. - 
Proofi - It suffices to take 
f , ,  (2. 7.) = 7l 1” f  (2. I t / )  dy. 
.  , . - - I  
r ,  
3.3. Existence and uniqueness result 
cl 
Using the results proved in the last section, we are able to prove the 
following theorem. 
TOME 122 - 1998 - No 4 
ON TWO-PARAMETER NON-DEGENERATE BROWNIAN MARTINGALES 333 
THEOREM 3.9. - Suppose that f : [O: T]” x R -+ R is a measurable 
,function veribing (HI) and (H2) and G is a square integrable adapted 
process such that 0 < p 5 IGI 5 Ad < 0~. Then there exists a unique 
solution to Eg (f). 
Proof of existence. - We pick a family {f,, (z. r); 7t, 2 1, x E R} 
as in Lemma 3.8. Then, for any n, 2 1, Eq(f,)) has a unique solution. 
We denote this solution by u,?. Take also 0 < 711 < 7~. The difference 
u (2) = ?L,,, (-4 - G,, (z) verifies the deterministic relation 
Therefore, using the fact that for each C E [O: T]“, f.(<, .) is 
nondecreasing in 71 and r, and that f,, (<, .) is Lipschitz with constant 
L,,, we get, for any z E [O: T]“, 
This implies that 
and by Gronwall’s Lemma for integrals in the plane, U- = 0 on [0, T]‘. 
Consequently, u,, (2) is a nondecreasing and bounded in n, and therefore 
it has a limit when n -+ 30. We set 
lim 11’30 G, (2) = u(z). 
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By Lemma 3.7, 
which allows us to show directly that u verifies Eq(f). 
Proof of uniqueness. - Let u be the solution constructed in the first 
part of the proof. Let v be another solution. We also consider the family 
{f,, (2: T), u,, (2); 71 > 1. 2 E [o, T]“, T E R} introduced in the first part. 
For any 71 2 1, 71 - u,, verifies, 
As in the proof existence, we deduce w (2) > u,, (2) as., and by a 
limit procedure 
v (2) 2 7L (2) it.s. 
By a Girsanov type argument (see KARATZAS and SHREVE [7]), the laws 
of u and v are the same, and we obtain IL = II as. q 
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